to appear in a special issue of the journal Molecular Physics devoted to the 25th HRMS Colloquium, 2018) We compare a recently proposed mixed experimental/theoretical procedure for the derivation of molecular equilibrium structures with several commonly used spectroscopic approaches using experimental data for several isotopologues. We also examine the sensitivity of the results from these approaches to the replacement of the commonly employed atomic masses with nuclear masses. This point is of particular importance for ionic species like HCO + and HOC + which serve as numerical reference cases. The scatter of molecular equilibrium geometries derived by different approaches is found to exceed stated statistical uncertainties by about an order of magnitude.
I. INTRODUCTION
Recently, standard spectroscopic parameters for the isotopologues of HCO + and HOC + were determined by means of a theoretical two-step procedure.
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In the first step, the ab initio computed threedimensional CCSD(T)/cc-pVQZ potential energy surface of Mladenović and Schmatz 2 for the isomerizing system HCO + /HOC + was used to obtain the energies of the rotational levels up to J = 15 in the ground vibrational state and in the singly excited vibrational ν i states for i = 1 − 3. The computed rovibrational energies were fitted to the conventional spectroscopic expressions. The rotational constants B All stable isotopologues of HCO + and HOC + involving H, D, 16 O, 17 O, 18 O, 12 C, and 13 C were considered in Paper I, in total 24 molecular cations. The rovibrational calculations and the equilibrium structure determinations were carried out using atomic masses. This is common practice in nuclear dynamics computations, but there is an obvious problem for ionic species.
Within the Born-Oppenheimer approximation, interacting nuclei are described by a mass-independent potential energy (hyper)surface, providing the energy of the electronic subsystem, so that a single potential energy surface is used for all isotopic variants of a molecular system under investigation. The equilibrium geometry, defined as usual as the minimum of the potential energy surface, is thus mass-independent and unique for all isotopologues. The Born-Oppenheimer approximation and its electronic-structure implementations rely on a perfect separation of the electronic and nuclear coordinates. This, in turn, implies that the nuclear (rotationvibrational) motion should, rigorously speaking, involve the nuclear masses. Whereas the use of atomic masses in connection with nuclear dynamics computations is considered to be a pragmatic approach, the use of nuclear masses is conceptually more correct and the only sound basis for systematic improvements.
The purpose of the present paper is to investigate the influence of the nuclear versus atomic masses on the spectroscopic and structural parameters of the molecular cations HCO + and HOC + . Since the masses explicitly enter in the process of extracting the geometric parameters from the observed spectral (rotational) transitions, this issue is of relevance also for estimating equilibrium structures from experimental ground-state rotational constants. In practice, rotational transitions observed for linear triatomic molecules are compactly represented by a polynomial expansion in terms of J(J + 1) and K 2 , where J and K are the quantum numbers specifying the state of the total rotational angular momentum and of its projection onto the body-fixed (molecular) z axis, respectively. The frequency ν of the rotational transition J → J +1 in a vibrational Σ state v is, for instance, given by 
where B v , D v , H v , and so on, are expansion parameters appropriate for the vibrational state v. The dominant term in Eq. (1) is the first term involving the rotational constant B v . For a given geometric arrangement or a rigid body, the rotational constant is a quantity wellestablished from the mathematical and physical point of view. In the actual circumstances of rotating and vibrating systems, we do, however, encounter problems of both conceptual and practical nature. [3] [4] [5] [6] [7] [8] In the present work, we revisit some of these issues on the example of HCO + and HOC + . We first give a brief overview of the theoretical approach which we employed (Section II). Our quantum-mechanical calculations provide a consistent set of data, which we use to study the mass effect on spectral and geometric parameters (Section II A). Different commonly used approaches to obtain information about the equilibrium structure are considered (Section III), leading us to a certain number of conclusions (Section IV).
II. SPECTRAL AND GEOMETRIC PARAMETERS
The theoretical approach of Paper I is used in combination with nuclear masses in this work. Masses are given in the unified atomic mass unit u, which stands for u=m a ( 12 C)/12=10 −3 kg mol −1 /N A , where m a ( 12 C) is the mass of the atom 12 C and N A Avogadro's number.
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The atomic (nuclear plus electronic) masses m a and the nuclear masses m n of the isotopes of hydrogen, carbon, and oxygen are summarized in Table I for convenience. A glance at Table I shows that m n are approximately 5 × 10 −4 to 5 × 10 −3 u (0.05 %) smaller than m a . In our computations, the nuclear masses are internally evaluated from the atomic masses m a provided in Table  I . The conversion factor used for the electron mass is 1822.888515, so that m e = 1/1822.888515 u.
In ). squeezetable The rovibrational energies computed using the nuclear masses for the total rotational angular momentum up to J = 15 are fitted to appropriate spectroscopic formulae, following the procedure of Paper I. To facilitate the comparison, the same effective spectroscopic Hamiltonians are used for the atomic-mass and nuclear-mass cases for each of the species studied. The spectroscopic parameters obtained in the fits for the vibrational ground state and for the singly excited ν 1 , ν 2 , and ν 3 states are listed in Tables II and III for the isotopic variants of  HCO  + and in Table IV for the isotopic variants of HOC + . There, T v is the term energy and B v the effective rotational constant for the vibrational state v, where we use v = 0 − 3 to denote the vibrational states (0, 0 0 , 0), (1, 0 0 , 0), (0, 1 1 , 0), and (0, 0 0 , 1), respectively. The centrifugal distortion contribution is expressed in terms of the quartic centrifugal distortion constant D v and higher order constants, such as H v (sextic), L v (octic), and so on. The ℓ-type doubling contribution is described by the ℓ-type doubling constant q v and the parameters q Tables II-IV . There we also see that the difference B e − B a e is equal to 9-15 MHz, too, where B e and B a e are the equilibrium rotational constants computed for the CCSD(T)/cc-pVQZ equilibrium structure using nuclear masses and atomic masses, respectively. This thus shows that the difference B e − B A. Improving the equilibrium structure
The ground state vibrational correction ∆B 0 to the equilibrium rotational constant is derived from our calculations as
where B 
Knowing the experimental B exp 0 constant for several isotopologues, the values for B est e of Eq. (3) can be used to determine the equilibrium r e molecular structure. The estimate B est v for the effective rotational constant in the vibrational state v is then
where the vibration-rotation interaction constant α v is
For a linear triatomic molecule HXY, the equilibrium rotational constant B e is expressed in terms of Jacobi coordinates r, R as
where the equilibrium distances r e and R e stand for r e = r e (XY) ,
using m XY = m X + m Y . The reduced masses µ r and µ R are defined by a Values in parentheses show one standard error to the last significant digits of the distances from the least-squares procedure.
where m HXY = M is the total molecular mass. The explicit values of µ R , µ r obtained using the atomic m a and nuclear m n masses are shown in Table I for the parent HCO + species. The atomic-mass values are larger by approximately 0.03-0.05 %, implying that the harmonic wavenumbers for the nuclear-mass case are larger by approximately 0.01-0.03 % (up to 1 cm −1 ). The B e value of a single isotopologue is clearly insufficient to uniquely determine r e . The equilibrium structures of HCO + and HOC + are therefore extracted from a set of B e values for several isotopologues by means of a Levenberg-Marquardt nonlinear least-squares algorithm 23 and using experimental uncertainties to compute weights. The analytical expression of Eq. (6) for the equilibrium rotational constant B e was used in combination with analytical expressions for the partial derivatives of B e with respect to the geometric parameters r e (HX) and r e (XY). The equilibrium bond lengths r e (HX) and r e (XY) calculated by this procedure for HCO + and HOC + are summarized in Table V , where we also show r e (HY) = r e (HX) + r e (XY). The results of the calculations using atomic masses are taken from Paper I. Rows denoted by DBPC show the experimental r e values for HCO + from the work of Dore and coworkers. 15 We were able to reproduce their r e results, shown in Table XI 24 Combining the B e values of Dore et al. with nuclear masses, we calculated the nuclear-mass counterparts (row DBPC nuclear).
Upon substitution of the atomic masses of the constituent species with their nuclear counterparts, the length r e (HX) of the bond involving hydrogen decreases by 1.8 × 10 −4Å for HCO + and by 7 × 10 −5Å for HOC . In other words, the effect of the substitution of the atomic masses with the nuclear masses is in order of 10 −4Å for the equilibrium bond lengths and is thus larger than accepted statistical uncertainties for r e shown in Table V .
The equilibrium bond distances of Table V are 
III. ROTATIONAL CONSTANTS AND THE DETERMINATION OF MOLECULAR STRUCTURE
The equilibrium geometry is the nuclear arrangement corresponding to the minimum of the potential energy surface for a given electronic state, computed in the framework of the Born-Oppenheimer approximation. The experimental counterpart is the r e structure. This is a single geometric structure, which reproduces with high accuracy the experimental equilibrium constants derived by correcting the zero-point rotational constants for vibrational effects.
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In the case of linear triatomic molecules, whose geometric arrangements are described by two bond distances, two isotopologues are required for the determination of the geometric parameters from the experimental (rotational) data. In real vibrating-rotating molecules (real experimental situation), the ground vibrational state is described by a wave function of some (sometimes also considerable) extent over close-to-equilibrium arrangements. Such a situation leads to an effective vibrationally averaged rotational constant B 0 different from the equilibrium B e value. The zero-point rotational constants B 0 are experimentally available, but not B e .
Two traditional approaches of experimental spectroscopy for the determination of the molecular structure are the r 0 approach (the r 0 structure), which directly uses the B 0 values, and the r s approach (the substitution structure), which employs the analytical solutions of Kraitchman's equations.
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The so-called r 0 structure is computed from the zeropoint rotational constants B 0 . Whereas the equilibrium structure is well-defined and unique within the Born-Oppenheimer approximation, this is not the case with the concept of the r 0 geometry. To exemplify this issue, we provide the radial amplitude ∆ r for the ground vibrational state and several J values in Table VI . There the radial amplitude ∆ r is the difference between the expectation value of the coordinate r = r(XY) in the rovibrational state |n and the equilibrium distance r e = r e (XY),
A quick glance at Table VI shows that ∆ r is isotopologuedependent and J-dependent. The same also applies for the expectation values r . For a given isotopic variant, ∆ r increases by approximately 5 × 10 −4Å for J = 15 with respect to the J = 0 result and decreases by approximately 5 × 10 −4Å with respect to the result for the parent molecule. In our rovibrational calculations, the expectation values r are found to be almost unaffected by the substitution of atomic masses by nuclear masses, such that Table VI applies to both the atomic-mass and nuclear-mass case.
In addition to the fact that the effective r 0 structural parameters are different for different isotopic forms, we may also remember that
from a mathematical point of view. This is relevant for theoretical approaches. Whereas the integral I can be solved analytically, the integral B is solvable only by numerical means. To substantiate this issue, we compare in Table VII the ground state rotational constant B 0 with the vibrationally averaged value B and with R I for HCO + and DCO + . The values of R I are computed using analytical integrals and the basis set expansion of the full-dimensional wavefunction for J=0. In Table VII , the quantity B 0→1 is additionally shown, which is computed from the ground-state energies E 0 (J, p) as The determination of structural parameters from the experimental data is very often carried out by the employment of the moments of inertia, which are reciprocals of the rotational constants, Eq. (6). The positions z 1 , z 2 , z 3 of the aligned atoms H, X, Y in the reference system with the origin in the center of mass of the parent molecule HXY are explicitly
where x = r(HX) and y = r(XY). The difference ∆I between the moments of inertia of two different isotopic forms is then
For explicit values of the parameters a i , b i , c i , see Eq. (A4) of the Appendix. It is an easy matter to derive for a simple substitution m i → m
implying
The latter equation is known as Kraitchman's relation for linear triatomic molecules. Kraitchman's equation of Eq. (15) is frequently used for the estimation of the experimental equilibrium structure. Letting I 1 and I 2 be the moment of inertia of the parent molecule and of the substituted species, respectively, where
then
In the case that the vibrational corrections for two isotopic species in the ground vibrational state are similar, the deviation D I in Eq. (17) will be small, so that ∆I (0) ≈ ∆I (e) , implying that ∆I (0) may be used instead of ∆I (e) . The structure obtained in this fashion is known as the substituted r s structure. Only under the condition of ∆I (0) ≈ ∆I (e) , the r s structure will be a good approximation of the r e structure. The r m structure introduced by Watson, derived by approximating the equilibrium moment of inertia with 2I s − I 0 , is found less satisfactory for hydrogen containing species, 5 where I s is the moment of inertia computed using the r s geometry.
Since two bond lengths of a linear triatomic molecule can be always determined from two moments of inertia available for two different isotopologues, we finally also examine a pair determination of the molecular structure. An analytic solution for the corresponding mathematical problem is provided in the Appendix. In the case when experimental data are known for n isotopic species, we can pair them in N = n(n − 1)/2 different ways, yielding N pair solutions (x i , y i ), where x = r(HX) and y = r(XY) for i = 1, . . . , N . The mean pair values are
To quantify the spread of the pair solutions (x i , y i ) around the mean value (x ap , y ap ), we introduce the average radius of the pair distribution d ap as
We will call the solution (x ap , y ap ) a r ap structure.
To correct for the rovibrational effects in B 0 , one needs the effective rotational constants for the singly excited vibrational states and two isotopic forms in experimental spectroscopy. Knowing the effective rotational constants B 1 , B 2 , B 3 , one may derive the vibration-rotation interaction constants α 1 , α 2 , α 3 , yielding the spectroscopic zeropoint vibrational correction as
for linear triatomic molecules in the traditional spectroscopic approach. Therefrom the experimental equilibrium rotational constant follows as
We will denote by r α the equilibrium structure derived from (α) B exp e . In electronic-structure program packages, the expression of Eq. (21) has become a standard tool to compute the zero-point rotational constant B 0 from the calculated equilibrium geometry (providing B e ) and the zero-point vibrational correction S 0 computed according to Eq. (20) by means of second order vibrational perturbation theory. 26 This spectroscopic model is effectively based on the harmonic-oscillator-rigid-rotor description as a zero-order picture.
In our approach used here and in Paper I, the ground state vibrational corrections ∆B 0 are computed according to Eq. (2) Table II . However, ∆B 0 − S 0 is as large as 50 and 100 MHz for DCO + and DOC + in Tables III and IV, respectively. In our calculations, the mass effect on ∆B 0 and S 0 is smaller than 0.2 MHz.
A. Results
In the case when experimental data are available for a series of isotopic variants, the determination of the geometric parameters may proceed employing different mathematical procedures. Nonlinear fitting algorithms are expected to give the best over-all fit to all of the rotational constants. Analytical solutions using Kraitchman's relations are applicable for the parent molecule and three singly substituted species. The geometry problem can be also solved analytically for any pair of isotopic variants. The rotational constants not included in the process of determining the geometry by analytical means will generally be less well predicted, such that the resulting structure will be a less balanced representation compared to the structure from the nonlinear fits of all available isotopologues.
A more serious obstacle to the derivation of an equilibrium structure is related to uncertainties which occur as a necessary consequence of the effects due to zero-point vibrations. We investigated this issue in practical terms by considering the ground state vibrational corrections given as ∆B 0 of Eq. (2) and as S 0 of Eq. (20) .
The structural parameters of HCO + and HOC + derived in different approaches are summarized in Tables  VIII and IX . The results are presented for both the atomic-mass and nuclear-mass cases. The root-meansquare (rms) deviation is employed as a measure of goodness of the derived bond lengths to predict the corresponding set of rotational constants. Eight isotopic variants of HCO + and four of HOC + are considered. s is commonly called the r s structure in the spectroscopic literature.
The distances in Table VIII show negligible variations upon the replacement of atomic masses with their nuclear counterparts. This is to be expected from the mathematical form of Kraitchman's relation in Eq. (15), which involves explicit mass dependence only through the factor
The difference between the f m values computed using atomic and nuclear masses is somewhat smaller than 1 × 10 −5 u −1 for the studied systems. To facilitate comparison between distances obtained using the atomic and nuclear masses, the values in Table VIII are given with six decimal places.
The r s distances in Table VIII For given r s distances, rotational constants for all isotopologues were evaluated according to Eq. (6). The rms deviations in Table VIII are thus a measure of goodness of the approximation of the equilibrium rotational constant by B the three representations in Table VIII , the r (e) s distances perform the best, providing the smallest rms deviation. Root-mean-square deviations are somewhat larger for the nuclear-mass case than for the atomic-mass case.
The three sets of data involving the B Table IX . In Fit 4 there, we employ the data for the four HCO + isotopologues used to derive Kraitchman's solutions of Table VIII. The r e distances of Table  V are repeated in bold face in Table IX . For the r 0 and r e structures, we also give the mean pair solutions of Eq. (18), denoted by r ap 0 and r ap e , respectively. The mean radius of the pair distribution is defined by Eq. (19) . Inspired by the approach of Kraitchman, we also tested a fitting procedure for the differences of rotational constants. These results are labelled with r diff 0 and r diff e . In addition to the rms deviations for the rotational constants, Table IX also shows rms errors for the differences of the rotational constants in brackets. For our data sets, the total number of pairs and differences is 28 for HCO + and 6 for HOC + . All of the pair solutions for B exp 0 + ∆B 0 of HCO + are graphically displayed in Fig. 1 . The pair solutions derived in the atomic-mass case lie in x i ∈ (1.0910Å, 1.0929Å) and y i ∈ (1.1054Å, 1.1059Å). The pair solutions obtained using nuclear masses are distributed over a larger space, occupying x i ∈ (1.0892Å, 1.0944Å) and y i ∈ (1.1054Å, 1.1067Å). Most of the solutions are aligned or nearly aligned for both the atomic-mass and nuclear-mass cases in Fig. 1 . Two (x i , y i ) n pairs for the nuclear masses falling out of line are circled in Fig. 1 . Eliminating them from the averaging process, the mean value (x ap e , y ap e ) is changed from (1.09239Å, 1.10575Å) to a value of (1.09213Å, 1.10558Å). This solution is denoted by r ap e (n) red in Fig. 1 Table IX are different. For HCO + , the distance r 0 (HC) is shorter by 0.0006Å and r α (HC) longer by 0.004Å than r e (HC), whereas r 0 (CO) is longer by 0.004Å and r α (CO) shorter by 0.0008Å than r e (CO). In the case of HOC + , the r α geometry deviates somewhat less than the r 0 geometry from the r e results. Interestingly, the pair solution r ap e and the solution r . They both, however, differ by 1-2×10 −4Å from the r e structure.
Another salient feature is observed by comparing the results for r 0 , r α , r e from Fit 4 of Table IX with Table VIII . In all three cases, rms deviations are smaller for the geometric parameters obtained by nonlinear leastsquares fits, which thus appear more appropriate for the determination of molecular structures.
IV. FINAL REMARKS
Accurate determination of the equilibrium geometry of molecules is considered as one of the most important goals of spectroscopy. Geometric parameters are unambiguously determined only from actual equilibrium rotational constants B e , which, however, are not accessible experimentally. Experimental spectroscopy thus takes on other views of the situation. If there is no data on excited vibrational states, two traditional approaches to determining the molecular structure are the r 0 approach, which uses the zero-point rotational constants B 0 directly, and the r s approach, which uses Kraitchman's relations in combination with B 0 . In the case when information is available on singly excited vibrational states, the zero-point rotational constants B 0 are corrected for the vibrational effects with the help of the spectroscopic correction S 0 of Eq. (20) to give (α) B exp e of Eq. (21), yielding the r α structure. The three sets r 0 , r s , r α of geometric parameters are generally different. Modifications of data sets, such as a change of a parent molecule in the Kraitchman's approach, may introduce additional inconsisten- a Values in parentheses show one standard error to the last significant digits of the distances from the least-squares procedure.
cies among the values predicted by a chosen method.
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The concepts of the equilibrium geometry and the vibrational correction to the zero-point rotational constant are well founded in theoretical approaches, such that theory may provide useful assistance to experiment in the evaluation of the equilibrium structure. To achieve as accurate as possible corrections to B e in the real situation of a vibrating and rotating molecule, theoretical methods for numerically exact quantum-mechanical calculations are desirable since only then we can have a proper full-dimensional physical answer for a given potential energy surface in the Born-Oppenheimer approximation. In the present work and previously in Paper I, we point to the difference between the spectroscopic correction S 0 of Eq. (20) and the zero-point correction ∆B 0 , defined in Eq. (2) literally as a difference between the rotational constant at equilibrium and the rotational constant in the ground vibrational state. In connection with this, we also observed that rovibrational calculations, carried out even for lowest J values, may provide useful values of B 0 . Unlike variational methods, vibrational second-order perturbational approaches are capable of providing only the spectroscopic correction S 0 , which is not always sufficient to evaluate the molecular structure. The concept of the r e structure is generally useful. Its applicability in the case of quasi-linear molecules and weakly bonded complexes deserves, however, some attention.
Another issue relevant for the determination of molecular geometries is related to the answer on the question 'which masses are vibrating or rotating in a molecule?', to cite the title of a paper by Kutzelnigg. 6 This question appears natural in connection with charged molecular systems, like HCO + and HOC + , which lack an electron.
Several choices of mass are commonly used in nuclear dynamics computations.
The atomic masses have became standard in connection with the BornOppenheimer approximation because the atomic masses are expected to minimize the deviation of the employed electronic-structure approach with respect to complete theory. For the Born-Oppenheimer approximation plus adiabatic contributions, the nuclear masses are considered more adequate physically. Rescaled masses or distance-dependent masses are also encountered in some applications. 6, 27, 28 Systematic improvements of the computational approaches are possible only in conjunction with the nuclear masses.
In experimental studies, the atomic masses are tacitly in use, 5 so that an explicit reference regarding the employed masses is rarely given. In the case of HCO + , we may note that Bogey et al.
12 made use of the atomic masses. In addition to the atomic masses, Warner 14 also performed several tests aiming at electron mass corrections in the framework of the r s structure.
In the present work, we found that the replacement of the atomic masses with the nuclear masses affects the equilibrium bond lengths in order of 10
. This effect is larger than the accepted statistical uncertainties of 10
−5
A for the r e parameters, such that the mass issue deserves some attention in molecular studies. We, however, also observed that the equilibrium structure obtained by the employment of the atomic masses is statistically somewhat better than the nuclear-mass counterpart. Regarding concrete mathematical approaches to solve for the equilibrium structure, a nonlinear fit of all available data is recommened as more trustworthy than other possible variants.
Dedication
This work is dedicated to William Klemperer. In 1970, Klemperer proposed the assignment of the X-ogen transition to HCO + , leading to the identification of this species as the first cation in the interstellar environment and marking the beginning of the fascinating field of interstellar chemistry.
